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Abstract 



We say that a fc-uniform hypergraph C is a Hamilton cycle of type £, for some 

1 < I < k, if there exists a cyclic ordering of the vertices of C such that every edge 

consists of k consecutive vertices and for every pair of consecutive edges Ei_±, E^ in C 

(in the natural ordering of the edges) we have \ Ei\ = £. We define a class of 

(e,p)-regular hypergraphs, that includes random hypergraphs, for which we can prove 

the existence of a decomposition of almost all edges into type £ Hamilton cycles, where 

" ; £ < k/2. 

00 
00 , 

S : 1 Introduction 

This paper follows a line of work initiated by Frieze and Krivelevich [1] and continued by 
Frieze, Krivelevich and Loh [3]. We are given a fc-regular hypergraph H (/c-graph) with 
certain pseudo-random properties and we show that almost almost all of the edges of H can 
be packed into edge disjoint Hamilton cycles of a particular type. 

The paper [3] begins with a good survey of this question which we will only give a sketch 
here. When k = 2 we are dealing with graphs. Frieze and Krivelevich [2] showed that the 
edge set of dense graphs with a certain pseudo-random structure typified by random graphs 
could be almost decomposed into edge disjoint Hamilton cycles. Knox, Kiihn and Osthus [4] 
tightened the implied result when restricted to random graphs. 

The paper [1] extended this to hypergraphs. There are various definitions of a Hamilton 
cycle in a hypergraph. We will use the following: Let H = (V = [n],E) be a fc-graph i.e. 
E = {ei, e 2 , • • • , e m } where ej is a fc-subset of V for j = 1,2, ... , m. and let I < k be 
given where £ | n. A Hamilton cycle of type £ is a sequence fi, fz, • • • , fv t , vt — ujloi edges 
where \g { = f i+1 \ fi\ = £ for i = 1, 2, . . . , v t {f Ul +i = fi) and V = |J^ 1 g { . The paper [1] 
deals with the case £ > k/2 and described conditions under which almost all of the edges 
of a hypergraph could be partitioned into Hamilton cycles. The case £ < k/2 could not be 
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handled by the methods in [1], but [3] shows how to deal with the case k — 3, £ — 1. The 
purpose of this paper is to extend the analysis of [3] to the case where k > 4 and t < k/2. 
We first give our notion of pseudo-randomness: We use the following notation throughout. 

and q = £z satisfies k/2 < k — £ < q < k. 

Definition 1. We say that an n-vertex k-graph H , is (e,p)-regular if the following holds. Let 
d G {1, 2, . . . , £} and let s G {1, 2, . . . , 2z + 2}. Given any s distinct (k — d)-sets, A\, . . . , A s , 
such that llJi^il — ^ + 2q, there are (1 ± e)^p s sets of d vertices, D, such that all of 
Ai U D, . . . , A s U D are edges of H . 1 

We now give our main theorem: 2 

Theorem 1. Let k and £ < k/2 be given. Let a = 9 + 7z 3 ■ Suppose that n is a sufficiently 
large multiple of 2q and that e, n and p satisfy 

e 16z+12 np 8z >log 82+5 n. 

Let H be an (e,p) -regular k-graph with n vertices. Then H contains a collection of edge 
disjoint Hamilton cycles of type I that contains all but at most e a -fraction of its edges. 

Our bounds on parameters e,p are unlikely to be tight and it would be interesting to 
sharpen our bounds. In which case, we will not fight too hard for our bounds. In particular, 
we will replace products (1 ± ae)(l ± be) and (1 ± ae)(l ± be)^ 1 by (1 ± (a + b + l)e) without 
further comment. Furthermore, we are really only interested in the case where e is small and 
so we will always assume that e is sufficiently small for all such simplifications. 

2 Proof overview and organization 

The key insight in the proof of Theorem 1 is the following connection between type £ Hamilton 
cycles in H and Hamilton cycles in an associated digraph. 

Definition 2. Given two ordered q-tuples of vertices \i = (v±, . . . , v q ), v 2 = (v g+1 , . . . , v 2q ) 
of a k-uniform hypergraph H , we define 

e i = e i (vi,v 2 ) = {utf+i, «tf + 2 , ■■■,««+*} for alii = 0, . . . , z - 1. (1) 

We say that vi precedes v 2 if the edges e ,e!, . . . , e z _i are all present in H. We say that 
(vi,v 2 ) owns these edges. 

1 A = (l± e)B if (1 - e)B < A < (1 + e)B 

2 The notation a n 3> b n is short for a n /b n — > oo as n — > oo. 
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Notice that the edges e , . . . , e z -i are all contained in {v i, t>2, . . . , v^q}- e consists of the 
first k vertices of vxv 2 . We shift I places to the right to get ei. We continue shifting by i 
places until a further shift would take us outside V1V2. 

For a permutation a = (vi, v 2 , ■ ■ ■ , Vi = . . . , v n ) of the vertices of H, define a u q = 
n/q-vertex digraph D a with vertex set V a = {vj = (v^-i^ q+ i, . . . ,Vi q ) : % = 1, 2, . . . , u q }. 
Place an arc (directed edge) from to Vj if and only if precedes Vj. In this construction, 
Hamilton cycles in D a give rise to type I Hamilton cycles in H. Indeed the Hamilton cycle 
(wi, w 2 , . . . , w n / 9 ) of D a where Wj = {w^-x)q+ii ■ ■ ■ > w ig) yields a Hamilton cycle in H made 
up from the edges owned by the arcs (w^ w»+i), i = 1, . . . , v q . This cycle is (e\, 62, ■ ■ ■ , e„ £ ) 
where e az+b = {w {{a _ 1)z+b)e+1 , w {{a _ 1)z+b)e+k } for a E [u q ] and b E {0, . . . , z - 1}. 

We want disjoint Hamilton cycles in D a to yield disjoint cycles in H. This follows from the 
fact that the sets of edges owned by distinct arcs (v , v&) and (v c , v d ) are disjoint. Suppose 
then that some edge e of H is owned by both pairs. It follows from the definition of precedes 
that the first element of e (in the order defined by a) is in v a and Vj, and so a = b. The 
q + 1st element of e is in v c and and so c = d, contradiction. 

The basic idea of the proof is to take a large number of random permutations ai, . . . , a r 
and construct the digraphs D ai , D a , 2 , . . . , D ar . Then take subgraphs D' a . C D ai for i = 
1,2, ... , r so that the edges of H owned by D' , D' are disjoint for i ^ j. It will be argued 
that each D' has certain regularity properties implying that its arc set can be almost 
decomposed into edge disjoint Hamilton cycles. We then take the edges owned by the arcs 
of all the Hamilton cycles in all the D' and remove them to create a new hypergraph H' . 
We then argue that whp H' is (e',p')-regular. We repeat this process until we have covered 
almost all of the edges of H by Hamilton cycles. 

We now give the regularity properties that we require of our digraphs: 

Definition 3. We say that a v -vertex digraph is (e,p) -regular if it satisfies the following 
properties: 

(i) Every vertex a has out-degree d + (a) = (1 ± e)vp and in-degree d~(a) = (1 ± e)up. 

(ii) For every pair of distinct vertices a, b, all three of the following quantities are (l±e)z/p 2 : 
the number of common out neighbors d + (a,b), the number of common in neighbors 
d~(a,b), and the number d^ (a, b) of out-neighbors of a which are also in-neighbors of 
b. 

(iii) Given any four vertices a, b, c, d, which are all distinct except for the possibility b = c, 
there are (1 ±e)z/p 4 vertices x such that aic,x$),c$;,xd are all directed edges. 

In this context, we have the following Theorem of Frieze, Krivelevich and Loh [3]: 

Theorem 2. Suppose that e u np 8 3> log 5 n, and n is a sufficiently large even integer. Then 
every (e,p) -regular digraph can have its edges partitioned into a disjoint union of directed 
Hamilton cycles, except for a set of at most e 1 / 8 '-fraction of its edges. 



3 



We next describe our procedure for generating the D' : 

Procedure 1. This takes as input an (e,p)-regular fc-graph H with number of vertices 
divisible by q and an integer parameter r. Let 

6(k + 1) logra £qn k ~ 2 
k = and r = — • k. (2) 

e 2 hip*- 1 v ' 

(1) Independently generate permutations <7i, 02, . . . , o r of [n]. 

(2) Let Hi be the /c-graph made up of the edges of H that are owned by the arcs of D ai . 

(3) For each edge e G H, let I e = {i : e G -ffj}. If J e 7^ 0, independently select a uniformly 
random index in I e to label e with. 

(4) For each i, define the subgraph D' as follows: For each arc e = (v, v') of D ai , keep the 
arc e if and only if all z of the edges owned by e are labeled with i. 

(5) For each i, let H[ be the /c-graph containing all hyperedges which are owned by the arcs 

Our main task is to prove 
Lemma 1. Suppose that n,p, and e satisfy 

e 8z+2 np 8z > log 42+1 n. 

Let H be an (e,p)-regular k-graph on n vertices (n divisible by q). Suppose that we carry out 
Procedure 1. Then, with probability 1 — o{n~ l ): 

(a) Every D' a _ is (12z 2 e, (p/ n) z )-regular. 

(b) H' is an (e' ,p') -regular k-graph where H' = H \ U[=i H[ is the subgraph of H obtained 
by deleting the edges of the H-s. Here 

e' — e ( 1 H ] and p = p ( 1 | 

Part (a) enables us to find many edge disjoint Hamilton cycles and it is proved in Section 
3. Part (b) enables us to repeat the construction many times and is proved in Section 4. 
Section 5 shows how to use the above lemma to prove the main theorem. 



2.0.1 Random A>graphs 

It is as well to check that random /c-graphs are (e,p)-regular for suitable e,p. 



2z+2 



P [H n ^ p , k is not (e,p)-regular] = 0{n k+2q ) ^ ^ P 



d=l s=l 
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n 



oil] 



as long as e 2 np 2z+2 3> logn. (The hidden constant in 0{n k+2q ) allows us to use (^) in place 
of (-?«)). 
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2.1 Concentration bounds 

Fact 1. For any e > 0, there exists c e > such that any binomial random variable X with 
mean \x satisfies 

F[\X-n\ > en] < e*", 

2 

where c e is a constant determined by e. When e < 1, we may take c t = y. 

Fact 2. Let X be a random variable on the uniformly distributed space of permutations on 
n elements, and let C be a real number. Suppose that whenever a, a' G S n differ by a single 
transposition, \X(a) — X(o~')\ < C. Then, 

F[\X-E[X}\ >t)< 2exp 

2.2 Properties of (e,p) -regular /c-graphs 

Lemma 2. Every n-vertex (e,p)-regular k-graph H has the following properties: 

(LI) Given any sequence of q distinct vertices, x±, . . . ,x q , there are (1 ± e)n k ~ q p sequences 
of vertices, y u . . . , y k - q , such that {x x , . . . , x q , y x , . . . , y k _ q ] is an edge of H. 

In terms of Definition 1 we have d = k — q, s = 1, A\ = {xi, X2, . . . ,x q }. We multiply 
by {k — q)\ because we apply these properties to ordered sequences of vertices. 

(L2) Given any sequence of k—£ distinct vertices, xi, . . . , x k ^i, there are (l±e)n e p sequences 
of vertices, yi, . . . , y%, such that {x±, . . . , x^-e, y±, . . . , ye} is an edge of H . 

In terms of Definition 1 we have d — £, s = 1, A\ = {x±, . . . , Xk-e}- 

(L3) Given any sequence oflq distinct vertices xi, . . . , x q , yi, . . . , y q , there are (1 ± e)n k ~ q p 2 
sequences of vertices Z\, . . . , z k - q vertices such that {x\, . . . , x q , Zi, . . . , Zk- q } and 
{yt, . . . , y q , zt, . . . , z k _ q } are both edges of H. 

In terms of Definition 1 we have d = k — q, s = 2, A\ = {x±, . . . , x q } , A 2 = {y\ . . . , y q }. 

(L4) Given any sequence of 2{k — €) vertices x\, . . . , x k -e, yi, ■ ■ ■ , Vk-l (where we demand 
only that x\ ^ y\), there are (1 ± e)n i p 2 sequences of vertices Zi, . . . , Zg vertices such 
that {xi, . . . , Xk-e, zi, ■ ■ ■ , ze} and {y±, . . . , yk-e, z±, . . . , ze} are both edges of H . 

In terms of Definition 1 we have d — £, s = 2, A% — {x±, . . . , Xk-e} , A 2 = {y\ . . . , yk-i}- 
Note that if £ \ k, this is identical to property (L3) since in this case, q = k — I. 

(L5) Given any sequence of £+ (k — 2£) + q vertices Xi, . . . , X£, a±, . . . , Ok-2i, z±, . . . ,z q , there 
are (1 ± e)n e p z+1 sequences of vertices b±,...,b£ such that all of the following edges are 
present in H: 

{xi, . . . , xe, a x , . . . , a fc _ 2 £, b 1: ■ ■ ■ , h} 
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and 

{a>u+i, ■ ■ ■ i &k-Hi b\, ■ ■ ■ , be, z±, . . . , z^+i^} 
for all i = 0, . . . , z — 1. 

In terms of Definition 1 we have d = £, s = z + 1 and the sets Ax, ... , A z+ i are the 
edges listed minus the set {&i, . . . , bi}. 

(L6) Suppose £\k. Given any sequence of k — £ + q distinct vertices a\, . . . , au-i, Zi, . . . , z q , 
there are 

(1 ± e)n q ~ k+£ p z sequences of vertices b\, . . . , b q _k+e such that all of the following edges 
are present in H : 

{da+i, • • ■ , a-k-i, b\, . . . , bq-k+e, Z\, . . . , Zk- q +u} , 
for all i = 0, . . . , z — 1. 

In terms of Definition 1 we have d = q — k + £, s = z, and the sets A%, . . . ,A Z are 
the edges listed minus the set {bi, . . . , b q -k+e}- We require that I \ k since otherwise 
q- k+£ = 

(L7) Given any sequence of 2£ + (k — 2£) + 2q distinct vertices, 

X U ■ ■ ■ i X e, Vli ■ ■ ■ , Uh 0>1, ■ ■ ■ , 0-k-2ii Zi, . . . , Z q , Wi, . . . , W q , 

there are (1 ± e)n e p 2z+2 sequences of vertices b\,...,b& such that all of the following 
edges are present in H : 

{xi, . . . , xi, a\, . . . , afc_ 2 £, bi, . . . ,be} , {y±, . . . , yi, a 1 , . . . , a k _ 2 e, b±, . . . , bi} 

and 

{o-a+i, ■ ■ ■ , ak-2£, b\, . . . , bi, z\, . . . , Z(i+i)i) , {a«+i, . . . , ak-21, b\, . . . , bi, w\, . . . , iu^+i^} 
for all i = 0, . . . , z — 1. 

In terms of Definition 1 we have d = £, s = 2z + 2 and the sets A\, . . . , A 2z +2 are the 
edges listed minus the set {bi, . . . , bi}. 

(L8) Suppose £\k. Given any sequence ofk—£+2q distinct vertices a\, . . . , a^-i, z\, . . . ,z q ,w\, . 
there are (1 ± e)n q ~ k+ p 2z sequences of vertices b\, . . . , b q -k+e such that all of the fol- 
lowing edges are present in H : 

{o^+l, • • • , dk-e, bi, ... , bq_k+l, Z\,..., Zk-q+il} , 
\0"U+1, ■ ■ ■ 1 a k-£i b\, . . . , b q _ k+ i, Wi, . . . , Wk-q+ii} 

for all i = 0, . . . , z — 1. 

In terms of Definition 1 we have d = q — k + £, s = 2z, and the sets A\, . . . , A 2z are 
the sets listed minus the set {61, ... , b q _k+i}- 



6 



3 Proof of Lemma 1(a) 



We will follow the convention that a factor 1 + o(l) will be absorbed into the lie factors 
when the o(l) term is clearly small enough. This will simplify several expressions. 

Lemma 3. Let S be a set of ordered q-tuples of distinct vertices with e 2 \S\ 2 /n 2q ~ l ^> logn. 
Let a be a random permutation of [n]. Let N — \S Fl V(D a )\. Then N — (1 ± e) If-i qs 3 - 



Proof. If v = (vi, . . . , v q ) then 



Pr(v G V(£>„)) = - • —— ■ — —- = ( 1 ± q 



q n — 1 n — 2 n — g + 1 \ 2ny gn y 1 ' 
So 

Suppose the permutation a is converted to a' by a single transposition. Then this changes 
at most 2 of the vertices of D a . So N can change by at most 2. Then Fact 2 implies that 

2^ 



the probability that N deviates from its mean by more than | is at most 



\s\ 



for any positive constant K. The lemma follows since q 2 /n = 0(l/n) e. 

□ 

Lemma 4. Suppose n,p, and e satisfy e 2 np 8z 3> logn. Let H be an (e,p) -regular k-graph 
on n vertices (n divisible by q). Let a be a random permutation of [n]. Then D = D a is 
((2z + 5)e,p z ) -regular, qs. 

Proof. We verify the properties of D one at a time, starting with out-degrees. Fix any q 
vertices, vi,...,v q . Let v = (vx, . . . , v q ). Let N v be the number of g-tuples w such that (a) 
w G V(D) and (b) v precedes w. It suffices to show that with probability 1 — o(n~ < '' J+1 ^), 
iV v = (1 ± (2z + 5)e)p z i , q . Let S v be the set of g-tuples w, such that v precedes w. 

Apply property (LI) of Lemma 2 to {v±, . . . v q } and fix one of the (1 ± e) n k ~ q p sequences 
(v q+ i, . . . , Vk) such that {v\, . . . , Vk} G H. Let u = (vi, . . . , v^) and do the following z — 1 
times: 

1. Apply property (L2) of Lemma 2 to the trailing k — I elements of u. 

2. Fix one of the (1 ± e) n e p sequences of I vertices. 



3 A sequence of events £ n , n > is said to occur quite surely (qs) if Pr(£„) = 1 — 0(n K ) for any positive 
constant K 
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3. Append this sequence of £ vertices to the end of u. 

At the end of this process, k — q + (z — 1)1 — k — £ distinct vertices, (v q+ i, . . . , v q+k _i), 
have been fixed and appear at the trailing end of u. Fix any q — k + £ > distinct vertices 
to give the q tuple w = (v q+ i, . . . , v 2q ). 

Combining our estimates from each step tells us that 

\S V \ = (1 ± e) n k - q p - ((lie) n"p) z ~ l ■ n q ~ k+e 
= (1 ± (2z + 3)e) n q p z 

and so 

E w = , J^O +1 . = (l±P£+Mig = (1 ± (2 , + 4)£)pX . 

g(n — 1) ■ • • [n — q + 1) qn q 1 

Since e 2 p z n S> logn, we can apply Lemma 3 to S v to conclude that qs 

N v = (l±(2z + 5)e)p z u q . 

For in-degrees, fix a g-tuple 

U = V = (V q+1 , . . .,V2q). 

do the following z times: 

1. Apply property (L2) of Lemma 2 to the leading k — £ elements of u. 

2. Fix one of the (1 ± e) n l p sequences of £ vertices. 

3. Prepend this sequence to the beginning of u. 

At the end of this process, q vertices have been fixed and appear in the first q positions of 
u. Call this g-tuple w. Combining estimates from each step of the process tells us that the 
number of such w that precede v is 

((1 ± e) n e p) z = (1 ± (2z + l)e) n q p z . 

Applying Lemma 3 as before gives us that qs the in-degree of v in D is 

(1 ± (2z + 3)e)p z u q . 

The remaining properties are dealt with in a similar manner. For each, we will state what 
properties from Lemma 2 to apply and compute the number of satisfying g-tuples. In all 
cases, an application of Lemma 3 completes the argument. 

For <i + (x, y) in D, fix 2 g-tuples of distinct vertices, x = (xi, . . . , x q ) and y = (jji, . . . ,y g ) 
and apply property (L3) to obtain (zi, z 2 , ■ ■ ■ , z k _ q ) in (1 ± e)n k ~ q p 2 ways. Follow by z — 1 
applications of property (L4). Our first iteration applies (L4) to a^+i, . . . , x q , z±, . . . , z k - q 
and ye+i, . . . , y q , zi, . . . , z k - q to obtain (z k - q +i, • • • , z k - q+i ) in (1 ± e)n k ~ q p 2 ways. We then 
shift right £ terms along both sequences and apply (L4) again. In our last application we 
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feed sequences that begin with X( z -x)£+i ^ y( z -i)£+i using the fact that (z — 1)£ + 1 < q + 1. 
Arbitrarily choose q — k + £ > more vertices to fill out zx, . . . , z q . The estimate in this case 
is 

(1 ± e)n k - q p 2 ■ ((1 ± e)n e p 2 ) z ~ 1 • (n — (k — £))••■ (n — (q — 1)) 
Simplifying and applying Lemma 3 gives that <i + (x, y) in D is qs 

(1 ± (2z + 5)e)p 2z u q . 

Similarly d~(x, y) is qs 

(1 ± (2z + h)e)p 2z v q . 

For d H (x, y) in D, fix 2q distinct vertices arranged in 2 g-tuples, x = (xx, ■ ■ ■ ,x q ) and 
y = (yi, . . . ,y q ). If £ divides k, (so that q = k — £), apply property (L2) z — 1 times starting 
with x. After the first iteration, we obtain (z\, . . . , zg) in (1 ± e) n l p ways. We shift right by £ 
in the sequence for each subsequent application of property (L2) to obtain (zx, . . . , z q ^g). Note 
here that q— £ = k—2£. Property (L5) is then applied to x q -i+i, . . . , x q , z±, . . . , z q _i, y\, . . . , y q . 
The estimate in this case is 

((l±e)n'p)* -1 -(l±e)nV +1 

If £ does not divide k, then apply (LI) to x to obtain (z±, . . . , Zk- q ) in (1 ± e) n k ~ q p ways. 
Follow this by z—1 applications of (L2), shifting right by £ in the sequence for each application 
to obtain (z\, . . . , Zk-i). Follow by an application of (L6) to zi, . . . , Zk-i, yi, ■ ■ ■ , y q to fill out 
(zi, . . . , z q ). The estimate in this case is 

(lie) n k ~ q p - ((lie) n^p)*' 1 - (lie) n q ~ k + l p z 

Simplifying and applying Lemma 3 in both cases gives that d +- (x, y) is qs 

(1 ± {2z + h)e) V 2z v q 

For the third property of digraph uniformity, fix 4q distinct vertices arranged in 4 g-tuples, 
x = (xi, ...,x q ),y = (y u . . . , y q ), z = (z lt . . . , z q ), and w = (w 1 , ...,w q ). If £ divides k, do 
z — 1 applications of property (L4). Our first iteration applies (L4) to x±, . . . , x q , y±, . . . , y q 
to obtain (ax, . . . , ag) in (1 ± e)n l p 2 ways. We then shift right £ terms along both sequences 
and apply (L4) to X£+±, . . . ,x q ,a±, . . . ,ag and yg+i, . . . , y q , ax, ■ ■ ■ , ag and so on until we have 
obtained (a±, . . . , (ik-ii)- We then apply property (L7) to 

x q -e + x, ...,x q , y q -g+x, ■ ■ ■ , y q , ax, ■ ■ ■ , a k - 2 e, z x , . . . ,z q ,w x , . . . ,w q 

to find (a,k-2£+i, ■ ■ ■ , CL q ). The estimate in this case is 

((l±e)nV) z - 1 -(l±e)nV 2+2 . 
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If I does not divide k, apply property (L3) to x±, . . . ,x q ,yi, . . . ,y q to obtain (a±, . . . , dk- q ) 
in (1 ± e) n k ~ q p 2 . Follow by z — 1 applications of (L4) as in the proof of d + (x, y) to ob- 
tain (di, a 2 , . . . , dk-i)- Then apply (L8) to ai, . . . , ak-i, Zi, . . . , z q , w x , . . . , w q in order to find 
(chk-£+i, ■ ■ ■ , a q ). The estimate in this case is 



(1 ± e) n k ~ q p 2 ■ ((1 ± e) nV) 2 -(lie) n q ~ k+i p 2z . 
Simplifying and applying Lemma 3 in both cases gives qs 

(l±(2z + 5)e)p 4z u q 

for property (iii) of digraph uniformity. □ 

Lemma 5. Suppose n,p, and e satisfy en ^> 1. Let H be an (e,p)-regular k-graph on n 
vertices (n divisible by q), and randomly and independently construct digraphs D±, . . . , D r 
according to Procedure 1. Let Hi be their corresponding k-graphs. Then with probability 
1 — o(n~ 1 ), every edge of H is an edge in (1 ± {z + 2)e) n of the Hi. Here k, r are as defined 
in (2). 

Proof. We must first calculate the probability that an edge of H appears in an Hi after 
Procedure 1. This probability is 



Pi 



k\{l ± ze)p 



z-l 



iqn 



k-2 



To see this, first fix an edge e = {x\, . . . , Xk} of H. We want the probability that this is 
an edge of H\, say. For this to happen, there must be two vertices vi = (v±, . . . ,v q ),\ 2 = 
(v q+ i, . . . ,v 2q ) of Di and < i < z — 1 such that e = ej(vi, v 2 ). Fix such an i. We now 
have to consider the number of choices for v\, . . . , Va, va+k+i, • • • ? v (z-i)e+k+i, ■ ■ ■ , v 2q - The 
(e, p)-regularity of H implies that there will be 

((1 ± e)n l p) z ^n 2q ^ z ~ 1)l ~ k = {\±{z- .5)e)p z ^n 2q ~ k 

choices for this sequence. 

The probability that v 1; v 2 are vertices of Hi is 



3-1 



P2 



-II- 



Now there are z choices for i and k\ choices for the ordering of e and so the probability that 
e is an edge of Hi is 

zk\(l ±(z- .5)e)p z - 1 n 2q - k p 2 = p x . 

Since the r random constructions are independent, the number Z e of Hi that contain e 
is distributed as Bin[r,pi\. So, 

E [Z e ] = rpi = (1 ± ze) k. 
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So the Chernoff bound tells us the probability that this Binomial deviates from its mean by 
more than a factor of 1 ± e is at most 

2exp . (1 - Z e) «J = o^" 1 ). 

So taking a union bound over all 0(n k ) choices for e gives the result. □ 

Proof of Lemma 1(a): Our conditions on n,p and e allow us to apply Lemmas 4 and 5. 
So with probability 1 — o(ra _1 ), after Step 1 of Procedure 1, 

(a) Every Di is {{2z + 5 )e,p z ) -regular. 

(b) Every edge in H is covered (1 ± [z + 2)e) k times by the ifj. 

Condition on the above outcome of Steps 1 and 2, and consider an arbitrary D[ (as defined 
in Step 4 of Procedure 1. r = o(n k ~ l ) (since e 2 np z ~ 1 3> logn), so it suffices to show that 
with probability 1 — o{n~ k ), D[ has the desired properties. 

For out-degrees: A vertex v G D[ corresponds to a g-tuple of vertices in H. An edge e 
of D\ remains in D[ if and only if all the z hyperedges of H owned by e receive label 1 in 
Step 3. This happens with probability 

77 z — ■ r r = (l ± (z 2 + 2z + l)e) — 

[(1 ±(z + 2)e) k] z V V ! ' k z 

There are (1 ± (2z + 5)e) u q p z neighbors of v in Di, so the expected out-degree of v in 
D[ is 

(1 ± (2z + 5)e) (1 ± (z 2 + 2z + l)e) v q ^ = (l ± ( 2 2 + 4^ + 7)e) ^ (^)* ■ 

For concentration, the Chernoff inequality tells us that the probability that the out-degree 
of vertex v in D[ deviates from its expectation by more than a factor of 1 ± e is at most 

2 exp | £ ■ (1 - (z 2 + 4z + 7)e) ^ " } < o(n- fc - 1 ) 



as long as 



e 2 np z n ( e 2z+2 np z . 

— — = © -r— z > logn. 

k z \ log n 



This is true by our assumptions on n,p and e. Therefore with probability 1 — o(n k x ), the 
out degree of v in D[ is (1 ± {z 2 + 4z + 9)e) v q (|) z . Taking a union bound over all 0(n) 
vertices in D[ establishes uniformity for out-degrees. 

The other properties follow from a similar argument. The smallest mean we deal with is 
in property (iii) of digraph regularity: 

n(l ± (2z + 5)e)p 4z _ { 2 v\\ n f p V z 



(l±(4z 2 + 10z + 7)e)-(^ 



q((l ± (z + 2)e)n) 4z v v ' 1 q \kJ 
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So the error in concentration is at most 




as long as e 8z+2 np 4z / log z n> logn which it is by assumption. Taking a union bound over 
all 0(n 4 ) choices for vertices in D[ gives the result. □ 



4 Proof of Lemma 1(b) 



We will be applying the principle of inclusion-exclusion to get an estimate on the regularity 
of H 1 . So we use the next two Lemmas to compute a first order estimate and a second order 
upper bound on several quantities. 

Given a hyperedge e and a digraph Di from Procedure 1, edge e is owned by at most 
one directed edge in D±. If this edge exists, let it be denoted Wj(e). Now u.;(e) owns exactly 
z hyperedges in Hi. If e is is an edge of if,, let 0j(e) be the set of z hyperedges owned by 
Ui(e). Note that <fii(e) includes the edge e. We call 4>i(e)\ {e} the partner edges of e in Hi. 

Lemma 6. Condition on \I e \ = (1 ± (z + 2)e) k for each edge of H . Fix d G {1, . . . ,£} and 
any set of k — d vertices, A = {a l5 . . . , ak~d\ C V(H). Fix a family B of d-sets of vertices 
such that AUB is a hyperedge of H for all B G B. Suppose e 2 \B\ /n 2z ~ l S> logn. Then with 
probability 1 — o(n"( fc+2 ^~ 1 ), the number N B of B G B such that A U B G \J i E(H-) satifies 
N B = (l±(z 2 + z)e)^ T 

Proof. Let B = {Bi, . . . ,B t } . Because we are conditioning on |J e |,e G E(H), the relevant 
probability space is the choice of labels in Step 3 of Procedure 1. Define F = F(A), the set 
of relevant edges, as follows: For each j such that A U B sl G E(Hj) there are exactly z — 1 
partner edges F it j such that A U Bi G E(H'A if and only if all of these edges as well as A U Bi 
receive label j. Let F = IJ^ F it j. Since we assume that each edge is in (1 ± {z + 2)e) k of 
the Hj, we have that \F\ < Izk \B\. The labels outside of F do not affect the count N, so 
we may condition on an arbitrary setting of those labels leaving only the labels of F to be 
exposed. 
Now 



Pr 



A\JBie[jE(H£ 



[(l±(z + 2)e) K ]^- 1) 



To see this, expose the label of an edge AU Bi. Suppose that it receives label j. Then all 
of its partner edges must also receive label j. Each of them is an edge of (1 ± (z + 2)e) n of 
the and since their labelings are independent, the probability that each of them receive 
label j is as claimed above. So 



E [N B ] = \B\ [(1 ±(z + 2)e) k]'^ = (l ± (z 2 + z - l)e) 



\B\ 



K- 
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Our probability space is a product space of dimension \F\. We use the Hoeffding-Azuma 
inequality to show that Ng is concentrated. Suppose the label of an edge e G F is changed 
from i to j. Suppose that e is owned by the edge (vi = (v±, . . . , v q ),v 2 = (v q+ i, . . . , v 2q )) of 
Di. Let S = {vi, . . . ,v 2q }. The definition of F implies that S D A. So at most ( 2 j ) 
sets from B will be removed from the count by this switch in labels. Similarly, at most 
{ 2q ~^~ d) ) sets from B will be added to the count N B . Hence N B is ( 2g ~J~ d) )-Lipschitz and 
the Hoeffding-Azuma inequality implies that the probability that N& deviates from its mean 
by more than e \B\ j k z ~ x is at most 

2exp /_ ji^n < f m\ < 

\ 2( 2 '-<*- J >) \F\f~ \ 4z( 2q ~<%~' Cl ) k 2 *- 1 j ~ 

as long as e 2 \B\ / k 2z ~ 1 ^> logn, which we assumed. Therefore N = (1 ± (z 2 + z)e) -j^x with 
the desired probability. □ 

Let 1 < t < 2q — k. Let Di be a digraph constructed from Procedure 1. Say that a set 
S of fc + t vertices is condensed in Di if there exist edges e\ ^ €2 of H such that 5 = e\ U e2 
and 0j(ei) n (f>i(e 2 ) ^ 0. 

Lemma 7. Suppose r <C ?7, fc_ f Construct r independent Dj according to Procedure 1. Then 
with probability 1 — o(n _1 ) ; euen/ set of S of k + t vertices, 1 < t < 2q — k, is condensed in 
at most Aq + 1 of the Di. 

Proof. Fix a set of k + £ vertices 5 = {xi, x 2 , . . . , Xk+t} = &i U e 2 where ei, e 2 are edges of 
if. The probability that S is condensed in is at most 

(k + t)\- -• (z-1) 

\ i=i 

This calculation is very similar to the one in Lemma 5. 

Since the Di are independent, the number of them which have the above property with 
respect to S is stochastically dominated by Bin 
the probability that this exceeds 4q + 1 is at most 




(29)! 



Since we assumed that r <^ n h % 



r \ ( (2g)! 



4g+2 



Now taking a union bound over all 0(n 2q ) choices for S gives the result. □ 

Lemma 8. Condition on \I e \ = (1 ± {z + 2)e) k for each edge of H. Also condition on the 
property that every set ofk + t vertices, 1 < t < 2q — k, is condensed in at mostAq+l of the 
Di. Fix d G {1, . . .£} and any 2 sets, A 1 and A 2 of k — d vertices. Fix a family B of d-sets 
of vertices such that A± U B and A 2 U B are both hyperedges of H for all B G B. Suppose 
\B\ I ' k 2z+1 ^> logn. Then with probability o(n _ ( fc+2 '^~ 1 ), the number N B of B G B such that 
A x U B G |Ji H[ and A 2 UB G |Jj if- is at most 7q \B\ / k z 
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Proof. Let B = {B\, . . . , B t } and let F* = F(Ai) U F(A2) where F is as denned in Lemma 
6. Then \F*\ < 3zn \B\. We would like an upper bound on the probability that a particular 
B G B contributes to Let e\ = A\ U B and e 2 = A 2 U B. First, expose the label of e± 
and suppose it is j. 

Case 1: e 2 receives label j. 

If <f>k{ei) H </>fc(e 2 ) = 0, then the probability that e±, e 2 G is at most 

ft := [(l-(* + 2)e) k]" (2z - 1} . 

To see this, note that the probability that e 2 receives label j is ((1 ± (z + 2)e) and since 
their 2(z — 1) partner edges are distinct and labelings are independent, we get the desired 
probability 

If (f>j(ei) fl </>j(e 2 ) 7^ then the vertices of e\ U e 2 are condensed in .Dj. We have k + 1 < 
|ei U e 2 | < 2g, so by assumption, these vertices are condensed in at most 4q + 1 of the -Dj. 
So the probability that ei and e 2 are both in E(H'j) is bounded above by 

Aq + 1 1 4g + 1 

<?2 



(l-(s + 2)e)K [(l-( 2 + 2 )6)Kr 1 [(!"(* + 2) e) «]* 

since all of the partner edges of e± must also receive label j. 
Case 2: e 2 receives label I ^ j. 

If (f>j(ei) D 0;(e 2 ) = then the probability that everything receives the appropriate label 
is at most 

ft = [(l-(s + 2)e) K ]- (2 ^ 2) . 

If 0j(ei) fl 0;(e 2 ) 7^ 0, then the probability that B contributes to N B is since an edge 
in the intersection must receive both labels j and /. 

Summing up these upper bounds, we get that the probability that B contributes to Nq 
is bounded above by 

4g + 3 6q 
[(1 - [z + 2) e) 

So E [iVg] < ^| By a similar argument as in Lemma 6, we can see that N B is ( 2<H *~ d) )- 
Lipschitz in the product space of dimension \F*\ < 3zn\B\. So the probability that TVg 
exceeds its expectation by more than \B\ / n z is at most 



(\B\/k z ) 2 \B\ 



2 exp < s > < 2 exp < 5 > < o(n 

2 ■ ( 2q ^- d) ) \F*\ J " \ 6* • ( 29 " { r d) ) ■ ^+ 



-(fc+2g)-l> 



since we assumed that |jB| /k 2z+1 ^> logn. Therefore iVg < -§ |B| with the desired probabil- 
ity □ 

Proof of Lemma 1(b): By applying Lemma 5 and Lemma 7, the conditions of which hold 
by our requirements on n, p and e, the outcome of Steps 1 and 2 of Procedure 1 satisfies the 
following with probability 1 — o(n~ v ). 
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• Every edge of H is covered (1 ± (z + 2)e) by the Hi. 

• Every set of k + 1, 1 < t < 2q — k vertices is condensed in at most 4q + 1 of the Z);. 

Condition on this outcome. We will show that in the context of the choices in Step 3, 
(e',p') -regularity is satisfied with probability 1 — o(n _1 ). 

Fix d G {1,...,£}, s G {1, . . . , 2z + 2} and a family of s distinct (k — <i)-sets T = 
{Ai, . . . , A s } with |UjAj| < k + 2q. Let X be the number of <i-sets, B, such that Ai U S is 
an edge of if' for alH = 1, . . . , s. It suffices to show that X = (1 ± t')^-p' s with probability 
1 — o{n~ <yk+2q ^ > ~ 1 ) . Then we can use the union bound over all 0(n k+2q ) choices for vertices 
|Ujylj| and all 0(1) choices of set families on those vertices. 

Let B be the family of all <i-sets B such that Ai U B are edges of H for all i = 1, . . . , s 
and B EB. H is (e,p)-regular, so \B\ — (1 ± e) ^-p s . 

For each i G {1, . . . , s}, let X^ be the number of elements B oi B with A$ U B G |J ; if/. 
For every i, j G {1, . . . , s} , i ^ j, let X^ be the number of elements, B, of £> with both 
Ai U 5 G U; if/ and A, U 5 G |Jz #/ • 

Then 

s s 

\b\-J2 x *< x < \B\-J2 Xi+ 12 x v- 

i=l i=l i<j 

Note that since d > 1 and s < 2z + 2, we have 

|B| = e (nV) = (V z+2 ) • 

We apply Lemmas 6 and 8. Indeed, by our requirements on n,p and e we have both 

e 2 \B\ „ /e 4 W*+ 2 



, 2 Z -T > l0 §» 



K 2 *" 1 V log 2 "" 1 n 

and 



A ; ^xi >logn 



K 2 2 +i ^ log 2z+1 n 
So we may apply Lemmas 6 and 8 to get 



X=\B\-s(l± (z 2 + z)e) ± ^ 
s(l±(2 2 + 2 + l)e)' 



LB 



At 2 " 1 



where in the second line we use the fact that -<e. 
Note that 



O 



fcZ—l I K z ~^ \ K 2z ~ 2 
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Then by using i < e we get that 



A' = (1 ± £ )4> ( ( 1 — L V ± P£±£Kf!±£±£) . t 



ri' J 



d! V V / / V k*- 1 (i - 4t) 



tZ! V* k z "V / V V K% ~ x 

where h(z) = (2z + 2)(z 2 + z + 3). Now z > 2 and so < 7z 3 which gives us the result 
with the desired probability. □ 

5 Finishing the proof of Theorem 1 

Let H = H, 6q = e and po = P- Define e f and p t recursively using the following recursion: 



et+i = e t | 

and 



6(k + 1) log 72 



r 2 \ -1 

Pi+l = Pi 1 



6(k + 1) logn 

Let T be the smallest index such that p T < \e a p where a = ■ For t = 0, . . . , T, let 



/ 2 \ z — 1 

Xt = ( 6(fc+i)iog n ) • Then since (e t ) is an increasing sequence, we have 



1 a . Pt-i Pt-2 P2 Pi 
-pe < pt-i = p 

2 p T „ 2 Pt-z Pi P 

<p(l- X ) T ^ 1 



< pe -o(T-l)_ 

From this we can see that 



Also note that since 



T<0(^)= (n). 



(1 + 7z 3 x) (1 - x) 7zi < e 7z3x {e- x ) 7z3 = 1, 
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we have in general that 



Hence 



= {l + 7z x t ) < T r^3 = 

e* (l-x t y z \p t+ i 



€t-1 £T-2 ^2 

cr-i = e 

6t-2 £t-3 ^1 e 



< e ■ 



Pt-2 _P 

Pt-i Pt-2 Pi 

\ 7z 3 

P 



7z" 



Pt-i 

7z3 C\ ( A-7z 3 a 



<e - (2e" a ) = 6 



el/ 8 , = f e f ° ) < e c 



So we have that 

We now construct Hi, . . . , i?r such that each H t is (e t ,p i )-regular. Let K t = 6 ( k+1 J logn anc l 

h — ln 

r = n k]p z-i K t and consider Procedure 1 applied to H t with these parameters. This produces 
digraphs D' ti and /c-graphs if f 'j with all H' ti disjoint. Let H t+ i be the fc-graph which results 
from the deletion of all H' ti from H t . In order to apply Lemma 1 at each step, we must 
check that e^ z+2 np^ z ^> log 4z+1 n. This condition follows from our assumptions on e,n,p 
since > e and pt > |e a p. So we have, with probability 1 — o(n~ 1 ), Procedure 2 results in 
the following properties: 

• Every D' ti is (12z 2 e t , (p t /K f ) z )-regular. 

• H t+ i is (e m ,p m )-regular. 

Since T = o(n), we may condition on this holding at each step. In order to apply the 
result on packing cycles in digraphs to each D' ti , we must verify that e\ l v q (p z /k^) s ^> log 5 n. 
We have 

82 / c ll+8^a+162„„82' 



by our assumption that e 1Gz + 12 n p Sz ^> log z+ n since 8za < 1. So every D' ti can be packed 
with Hamilton cycles missing only (i2z 2 ei) 1//8 -fraction of its edges. As observed already, 
these edge-disjoint Hamilton cycles in D' ti correspond to edge disjoint Hamilton cycles in 
H' ti . Hence the packing in D' ti gives a packing in H' ti missing the same fraction of edges 
since there is a z-to-l correspondence between edges in H' ti and D' ti . 

The above procedure is carried out until Ht is created. Then Hamilton cycles have been 
packed in H\Ht, up to an error of (12z 2 ey_i) ^-fraction. Let us estimate the fraction of 
edges present in Ht itself. By applying (e, p)-regularity to H, we see that H had at least 

k b 

n n 
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edges to begin with. 

Similarly, we see that Ht has at most 



h b h 



edges. Since k > 3, we have that 

\H 7 



H 



< ce a 



where c < 1 is some constant. 

Hence the fraction of edges of H not covered is at most 



[12z 2 e T -i) 1/8 ■ (1 - ce a ) + ce a < {12z 2 e T -i) 1/8 + ce a < e a , 



since e^_ x e a . 
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